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urbation theory for games in normal form and stochastic games

.. KX .
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RACT

In this paper the effect on values and optimal strategies of pertur-
s of game parameters (as payoff function, transition probability
tion and discount factor) is studied for the class of zero-sum games
>rmal form and for the class of stationary discounted two-person zero-
stochastic games.

A main result is that, under certain conditions, the value depends in
>intwise Lipschitz) continuous way on these parameters and that the

of (e-)optimal strategies for both players are upper semicontinuous
ifunctions of the game parameters.

Extensions to general sum games and non-stationary stochastic games

1lso given.

)RDS & PHRASES: Game in normal form, stochastic game, non—stationary
stochastic game, perturbation of "payoffs, transition

probability function and discount factor™.
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RODUCTION AND SUMMARY

n this paper the main question in various settings is: What is the

"game parameters' on the "solutions" of

nce of perturbation of the
me? This question is not only of theoretical importance but also
ctical utility, because "favourable' answers to this question will
reater confidence in the use of game models in applications.

y speaking, '"favourable" means here that small changes in the game

"good" strategies

ters induce only small changes in the values, and
- original game are not '"bad" in a slightly perturbed game.

'or papers in the same spirit - but in a different context - we refer
BS [4], SCHWEITZER [8], TIJS [11] and WHITT [14]. Here we focus our
ion upon two classes of games, namely games in normal form (sections
5) and stochastic games ( sections 3 and 4).

n section 2 subclasses of two-person zer-sum games in normal form
'ixed strategy spaces are considered. The value appears to depend in
schitz) continuous manner on the payoff function (theorem 2.1) and
mal strategies of the original game are (e+26)-optimal in a S-per-

| game (theorem 2.2). Under additional topological conditions on

.gy spaces and the payoff function, the space of (e~)optimal strate-
ppears to depend in an upper semicontinuous manner (in the multi-
on sense) on the payoff function (theorem 2.3). Furthermore, in
iection special attention is paid to a subclass of games with unique
.1 strategies for both players (theorems 2.7 and 2.8).

n section 5 for general sum games in normal form sufficient condi-
are given to guarantee that the e-equilibrium point set depends in
yer semicontinuous way on the payoff functions (theorem 5.4).

‘n section 3, for a family of discounted two-person zero-sum

istic games with fixed (countable) state space and (compact metric)

| spaces, the effect of perturbations of the reward function and the
.tion probability function on the value and the set of stationary
ytimal strategies is studied. "Favourable" answers are also obtained
.n theorems 3.4, 3.5 and 3.7.

n section 4 some of the results of section 3 are extended to two-

1 zero-sum stochastic games where discount factor, reward and




transition probability functions are

strategies take over the role of sta
2. PERTURBATIONS OF TWO-PERSON ZERO-

A two-person zero—sum game in n

<ﬂl,ﬂ2,p>, in whichfﬂi and ﬂ2 are no

a real-valued function. ﬂ] and Hz ar

1 and player 2, respectively, and p

Such a game is played as follows. Pl
ly of one another, a strategy moe il
then player 1 receives a payoff p(n]

<M, p> let

1272
V(p) := sup inf p(m,
ﬂleﬂl n26U2
and
V(p) := inf sup p(n],
M eTTZ ™ eTT]
If V(p) = V(p), then we say that the

val(p): = V(p) is called the value o
BV(ﬂl,ﬂz) the set of those bounded f

game <1 ﬂz,p> is strictly determine

1’

OT(p) i={my e m |  inf
Trzeﬂz
0§(p) :={my « ﬂz I sup
g en

11
For each € > 0 the set Oi(p) # @; th
nal strategies for player i(i e {1,2
empty) set Oi(p) := Og(p) are called
Note that

€
(2.1) 0,(® = 0, 0,(®), 0,(p)

ime-dependent and where Markov

y strategies.
MES IN NORMAL FORM

form is an ordered triplet

y sets and p: H] X HZ - R is

ed the strategy spaces of player
yoff function of player 1.

and player 2 choose, independent-
a strategy T, € ”2’ respectively;
rom player 2. For such a game

is strictly determined, and then
game <ﬂ],ﬂ2,p>. Denote by

ns p: ﬂl X ﬂz -» R for which the
D € BV(UI,HZ) and € > 0 let

\

5) = val(p) -el,

m

IA

) < val(p) +el.. .

ents of Oi(p) are called e-opti-
e elements of the (possibly

al strategies for player 1i.

Og(p)




aat val is a monotone function on BV(TII,TI2
(q)). We provide BV(ﬂ],ﬂz) with the metric
d(p,q) := lp-ql for each p,q € BV(ﬂ],ﬂz).
aghout this paper, for a bounded function

3!f(x)l is denoted by I£ll].

de show now that the wvalue function val:BV

auous with constant 1.

EM 2.1 For each p,q € BV(HI,HZ) we have

|val(p) - val(q)l < d(p,q).

: Let 1: ﬂ] x ﬂz > R be the function with

2) € U] x ﬂz. Take p,q € BV(UI,HZ). Then q

lements of BV(ﬂl,ﬂz) and

val(q+d(p,q)i) = val(q) * d(p,q).

q - d(p,q)i < p < q + d(p,q)i, the monoto

es
val(q) - d(p,q) < val(p) < val(q) +

o the theorem is proved. g

EM 2.2 Let € 2 0, § > 0. Let p,q € BV(ﬂl,

Oi(p) c O§+26(q) for each i e {1,2}.

: We only show the inclusion for i = 1. Le

inequalities hold:

\2

q(nl,nz) p(nl,nz) - 8§ for each m,

val(p) - € for each m, €

1\

val(p) = val(q) - §.

L(p)
- R

ring




o~

The la

ities,

Hence

S
and th
the st
call a
functi
for ea
Let SB
e >0,
0] (@)
on ﬂl,
then 1

p € SB

Follow
where

if for

THEORE
compac
multif

PROOF :
BERGE

is a ¢
is ope

that 1

quality follows from theorem 2.1. Combining these three inequal-
ve for each m, € ﬂ2:
(%],nz) > val(q) - € - 28.

e+26

I (@). AD

we have not needed topological assumptions on strategy spaces
ff function. Now we look at two-person zero—sum games for which
spaces T, and T, are topological Hausdorff spaces. We shall

1 2

ion p: ﬂ] X ﬂz - R semicontinuous if for each m, € ﬂ2 the
> p(n],nz) is an upper semicontinuous function on ﬂ], and if

€ ﬂ] the function m, + p(n],nz) is lower semicontinuous on ﬂz.

2
2) = {p ¢ BV(ﬂ],ﬂz) l p is semicontinuous}. Then for each

et O?(p) is a closed subset of ﬂ] if p € SBV(”I’”Z) because
[val(p)-€,®)), where f is the upper semi-continuous function

t= 1 I 1
ed by f(nl) 1nfn2€n p(nl’"2)' f, moreover, T, is compact

1
ows from (2.1) that Ol(p) # ¢. Analogously, Og(p) is closed if

)

RGE [1] pp. 114,115, we call a multifunction f from X into Y,
Y are topological spaces, an upper semicontinuous multifunction

open set U ¢ Y the set {x ¢ le(x) c U} is an open subset of X.

Let I'T1 and ﬂ2 be Hausdorff spaces and let € = 0. If ﬂi 18
{1,2}) then Oi: SBV(HI,HZ) > T 18 an upper Semicontinuous

.

'| be a compact space. In view of the corollary on page 118 of

? is upper semicontinuous if (and only if)
={(p,m)) € SBV(T,M,) x T, | moe 07 ('}

subset of SBV(UI,HZ) x .. We prove that the complement of G

1
(p,nl) € (SBV(ﬂl,ﬂz) X ﬂl)-G. Then we can take a § > 0 such
p(%l,nz) <val(p) - € - 6. Put

2




e}
W

{q ¢ SBV(UI,HZ); d(p,q) <j 8}

Vo= {n] € ﬂ]; 1nfn2€”2 p(nl,nz) <val(p) - € - 8}.

. . o i .
is open, and V is also open, because m 1nfn2€n2 p(n],nz) is an

1
semicontinuous function on ﬂ]. Hence U x V is an open neighbourhood

;1)' Since for each (q,nl) € U x V we have

‘En

q(mw,,m,. ) < inf
2€M, 1°°2 nzeﬂ

p(m,,m,)) + 48" <val(p) - € - }§ <val(q) - e,
2 .
conclude that (UxV) N G = ¢. This implies that (SBV(ﬂl,ﬂz)x ﬂl) -G
open set. Hence G is closed, and so OT is an upper semicontinuous
on. [
E 2.4, Now we want to show that the multifunction OT (e=0) is not
1 :=[-1,1] and

are compact sets w.r.t. the usual topology.

arily a lower semicontinuous multifunction. Take TT

{0}. Then ”1 and T,

. . € . .
ert that for each € 2 0 the multifunction 0] is not lower semicon-
s. To prove this assertion, we will show that the lower inverse (cf.

25 and p. 115)

O 7' (-1,00) = {p € SBY(M,M) | 05 @) n (1,00 * ¢}

open interval (-1,0) c TI, is not an open subset of SBV(ﬂ],ﬂ?).

1
at purpose we introduce the sequence of functions PsP sPys e in

,Hz), where for each n ¢ N

0 if n] e [-1,0)

pn("1’0) 1= »
(e+n )n1 if ™€ [0,1]




0 if n] e [-1,0)
p(ﬂl,O) =

e m if m o€ (o,11 .

Chen limn+m d(pn,p) = 0. It is easy to see that val(p) = e, OT(p) =[-1,1];
1

val(pn) = g+ n  and OT(pn) = [(1+ne)_1,1] for each n € N. Hence

P € (O?)—]((—I,O)) and 1 ¢ (O?)_l((—l,O)) for each n ¢ NW.

lhis implies that (0?)_1((—],0)) is not open.
from theorem 2.3 we infer the following

JOROLLARY 2.5. Let M, and N, be Hausdorff spaces and suppose that m, 78

:ompact. Let P sPysPgsre-e be a sequence in SBV(Hl,ﬂz) and T Ty, . a

300

sequence in T, such that mo€ Ol(pn) for each n € N, Let p € SBV(”I’HZ)

1
such that Ol(p) consists of exactly one element, say W, and suppose that

im ,, d(p,p ) = 0. Then lim m  exists and is equal to m.

et nT € ﬂl, n; € ﬂz. It is well-known that (nT,n;) € Ol(p) X Oz(p) if and

mly if

. * * * *

< < :
2.2) | p(nl,nz) < p(nl,nz) < p(n],nz) for all n] € ﬂl, m, € ﬂz.
n view of (2.2), the elements of Ol(p) x Oz(p) are called saddle-points
f the game <ﬂ1,ﬂ2,p>. We now want to study the subset US(ﬂ],ﬂz) of
iBV(ﬂl,ﬂé) consisting of those functions p for which <ﬂ1,ﬂz,p> has a
mmique saddle-point. Note that for each (nT,n;) e T, x T, the bounded

1 2
iemicontinuous function s, _, : T x T, >R defined by
“1’"3) 1 2
. * *
-1 1f n2 = n2 and n] * nl
' = 1 = * *
2.3) S(n?,n;)(nl’nz) : 1 if us ™ and m, * n

0 elsewhere

s an element of US(ﬂl,ﬂz) with unique saddle-point (nj,n;). For the proof

f the next theorem we need a lemma.




EMMA 2.6. Let p e SBV(IT,T)) for which (n’;,n;) €0,( x0,(). T

» + € S(n?,nz) e US(T,,M,) for each € >0 and Oi(P+€S(nT,n§)) = {n

Ce (1,2}

’)ROOF: Since (ﬂ?,n;) is a saddle-point in the games'<ﬂl,ﬂ2,p> and

J7,.,1 € S

U #\>, 1t 1s obvious that for each (n],nz) e M, xTI

(m*,m 1 2

1°7°2

*

h(nl,n;) < h(nT,nz) < h(nT,nz), where h: = p + ¢ s
1

(m

. . *
lence, in view of (2.2), (nl,n;) € Ol(h) x 02(h). Now suppose that

*

ls also a saddle-point of the game'<ﬂ1,ﬂ2,h>. If ni#'nl, then on o

7e have
* * * 1 1 1
h(nl,nz) < h(nl,nz) < h(nl,nz)
ind on the other hand
* * *
h(n;,né) < h(ni,nz) < h(nl,nz)

; = nT. In a similar manner we may con
h> has (n?,n;) as unique saddle-point.

vhich is impossible. Hence m

“hat m' = m.. Thus <TT_,TI

2 2 12722

THEOREM 2,7. Let U],ﬂz be compact Hausdorff spaces. Then

(a) the restriction of 0, : SBV(”I’”Z) -» R to the subset US(ﬂ],ﬂ2

continuous map,

(b) US(ﬂl,ﬂz)"is a dense subset of SBV(HI,HZ).

ROOF: (a) follows from the fact that a single-valued map, which i
semicontinuous in the multi-valued sense, is continuous.

(b) Let p € SBV(H],HZ) and € > 0. We have to prove that there is a
1 € US(ﬂ],ﬂz) such that d(p,q) < e. Take (HT,HZ)'E Ol(p) X Oz(p)
(Ol(p) X Oz(p) + ¢ because ﬂl and HZ are compact). Now let

] i=p+ e s( *’“5), where S(n?,nﬁ) is the function defined in (

Then q € US(ﬂl,ﬂz) by lemma (2.6) and d(p,q) <3 e <e. [




1,d2. Then

IS(UI,UZ) s comnected if and only if both strategy spaces ﬂl and M, are

[HEOREM 2.8. Let ﬂl,ﬂz be compact metric spaces with metrics d

2onnected.

’)ROOF: (a) First suppose that, say, ﬂl is not connected. Let ”11 and ”12

)e two disjunct non-empty open subsets of ﬂl with ﬂ] = ”11 LJnlz.

et USi :={p € USJ Ol(p) c ﬂ]i} for each i ¢ {1,2}. It is obvious that

JS = US, U US, and that US, n US, = @. Further, US, and US, are open in US,

yecause 01 and 02 are upper semicontinuous multifunctions. If we can show

chat US, # ¢, and U82 * ¢, then we have proved that US(ﬂ],ﬂz) is not

1
:onnected if T, is not connected. Now nll * ¢, MM, + ¢. Take W' ¢ 1T

1 12 112
- .. .
T ”12 and m € ﬂz. Then 1t is obvious that s( ' € US1 and s( "on )e Uq
there s( "t ("”’ ) are defined in an analogous manner to S(n R *) in

2.3). So US £ ¢ for i € {1,2}; and we have proved the 1mp11catlon to the
right in the theorem.

‘b) Now we suppose that ﬂl and ﬂz are connected sets. Let U] and U, be
lisjunct open subsets of the metric space US(UI,UZ) such that US(ﬂ],ﬂz) =
Il LJUZ. If we can show that U1 = ¢ or U2 = ¢, then US(WI,HZ) is connected.

b.1) For each (ﬂT,n;) e M, xTI

1 99 let z(n* TT*): m x ﬂz -» R be the func-

12T 1
:ion defined by

* *
Z(nT,n*) (nl,nz) = dz(nz,nz) - d](n],n]) for each (nl,nz) € ﬂl X ﬂz.
"hen

Zom*,m*) € US(HI,HZ) and Oi(z * )) {m i} for i e {1,2}.
1772 T

et F: ﬂ x M, - US(H 1T ) be the map defined by F(n*,n¥) =
2 1 %* **(ﬂl,ﬂz)

"hen it is stralghtforward to show that "F(nl, 2) - F(nl ST, o<

- * % **

{ dl(n],n1 ) + dz(nz,n2 ) for all (n],nz), (n] ) € ﬂl X ﬂ2

L continuous map from the connected set ﬂl X ﬂz 1nto US(ﬂl,ﬂz). This implies

‘hat either F(ﬂlxﬂz) c Ul or F(ﬂlxﬂz) c UZ'

suppose that F(ﬂlxﬂz) c U1 i.e.

Hence F 1is

Without loss of generality we

* *
’ *
2.4) Z(HT’HZ) €U for each (m ,m) e M, xT,.




Now take an arbitrary p € US(ﬂl,ﬂz). Let Ol(p) x Oz(p) = {(nl,nz)}.
ich t € [0,1] let G(t) =t p + (l_t)z(nl,nz)'
‘cf. the proof of lemma (2.6)) that G(t) e US(ﬂ],ﬂz) for eacht e [0,1].

Then it is easy to

rrmore,

lcg(s) - G(t)“ < ls—tl ("pH+Hz(“ . )H) for each s, t ¢ [0,1].

1°7°2

G: [0,1] - US(ﬂl,ﬂz) is continuous. Since [0,1] is connected and

€ U1 by (2.4), we may conclude that G(1) = p ¢ U, , as well.

1

z Thus U2 = ¢; this completes the

=z .
(my,1p)
have proved that US(”]’”Z) c U

of the theorem. g

-hat the metric property of ﬂl and ﬂz in theorem 2.8 is only used in

soof of the implication to the left of that theorem.

{S.

. The set US(WI,UZ) is not necessarily an open subset of SBV(ﬂ],ﬂz)
, 3= [0,1], ﬂz := {0}. Then
S(HI,HZ) if p(ﬂ],O) i= nl for each M€ ﬂ]. For each € > 0, the e-
yourhood of p contains the function q € SBV(UI,HZ), defined by

> following example shows. Take Tl

)) := min {m, ,1-%e}, but q ¢ US(ﬂl,ﬂz). Hence US(ﬂ],ﬂz) is not open.

1’
. BOHNENBLUST, KARLIN & SHAPLEY proved in [3] that the set U of
m x n-matrix games (m,n € N), for which the mixed extension has a
> saddle-point, is an open and dense subset of the set of all m x n-

¢ games (provided with the usual topology). With some labour one can

-hat Umn is:not connected for all (m,n) # (1,1). We will not do

sere but remark that in case (m,n) = (1,2) we have:
v, ={la,b] | a #b} ={la,b] | a>bulla,b]l]|a<nbl

U12 is the union of two disjunct open subsets. Thus U12 is not con-

d.

. For semi-infinite matrix games the influence of perturbations of

ayoffs on value and (e-)optimal strategies was studied in TIJS [10],




p. 65-70.

.9.4. Let ﬂl and ﬂ2 be compact metric spaces. Let CV(ﬂ],ﬂz) be the family

f continuous functions p: T, x ﬂz - R such that the value of the game

1
‘ﬂl,ﬂz,p> exists. Let UC(ﬂl,ﬂz) = {p ¢ CV(ﬂl,ﬂz)l <ﬂ1,ﬂ2,p> has a unique

addle-point}. Then UC(ﬂl,ﬂz) is a dense subset of CV(ﬂl,ﬂz); also

'C(ﬂl,ﬂz) is connected iff ﬂl and TI, are connected. The proofs of these

2
acts can be given by a minor modification of the proofs of 2.7 and 2.8.

E.g. the role of the function S(HT %) in the proof of 2.7 can be taken
9

ver by the function Z (or* defined in the proof of 2.8.]

]’“3)

. PERTURBATIONS IN STOCHASTIC GAMES

In this section we extend some results of section 2 to stochastic ga-—
mes. Stochastic games (or Markov games) were introduced in 1953 by SHAPLEY
9]. For a recent survey of the theory of stochastic games we refer to
'ARTHASARATHY & STERN [7]. In this section we restrict our attention to
liscounted two-person zero—sum stochastic games, characterized by an order-—

.d six-tuple <S,A1,A r,q,B>, where

2’
'3.1) S is a non—empty countable set, called the state space,

3.2) A1 and A2 are non-empty compact metric spaces, called the action

spaces of player 1 and player 2, respectively,

3.3) r: S x A1 X A2 -» R 1is a bounded function, called the reward func—

tZon, for which for each s € S the map (al,az) ] r(s,a],az) is a
measurable function on Al x A2 (the measurability is taken with re-
‘spect to the product c-algebra of A1 and A2, where Ai is the o-

algebra generated by the Borel sets of Ai(i=1,2)),

3.4) q: S x AI X A2 - P is a function from S x A1 X A2 into the family P of

probability measures on S, such that for all s, s'

€ S the map
(al,az) » q(s' | s,a,,3,) = q(s,al,az) {s'} is a measurable function

on A, X A,. q is called the transition probability function,

'3.5) B is a real number in [0,1), called the discount factor.




11

1 stochastic game corresponds with a dynamic system with state space
rere the dynamic behaviour as well as the rewards are influenced by
.ayers at discrete points in time, say t = 0,1,2,..., in the following
\t each time t ¢ {0,1,2,...} the players observe the current state of
rstem. They, then, have to select, independently of one another, an

1. If at time t the system is in state s and if player ! selects

1a € A1 and player 2 action a, € A2, then two things happen:

ylayer 1 obtains an immediate reward r(s,al,az) from player 2.

‘he system moves with probability q(s' | s,al,az) to the state s' ¢ S,

thich is observed at time t + 1.

:rmore, one supposes that a reward r to player 1 (or 2) at time t has
t . t . .

B r at time 0 (B r is called the discounted reward) and that player

iyer 2) wants to maximize (minimize) the total discounted expected

l.

TION 3.1, Let <S, A Az,r,q,B> be a stochastic game. Let P be the set
)bability measures on <Ai’Ai> (i=1,2). Then each map m, S - P, is

|l a stationary strategy for player i. The set of stationary strategies
ioted by ﬂi.

I)g a stationary strategy m.o€ ﬂi means for player i that, each time
),1,2,...} that the system is in state s € S, he chooses his action
ling to the probability measure ni(s).

.et us suppose that the players 1 and 2 decide to play moe ﬂ] and

l2. Suppose further that the initial state (the state at t = 0) of
'stem is s € S, Then the expected reward of player 1 at time
1,1,2,...} exists and is denoted by f (nl,n ); the total discounted
sed reward Z gt
_Z 0 tllrll-(] 28y

on sk f (tt,,m, ) satisfies the relation:
srq 1’2

(nl,n ) is denoted by f (n],nz) Note that

-1
Irl. Furthermore, 1t can be seen that the

£ g (TpoT) = Fls,m (),my (D)

<+

Y Tt
B S'és q(s Is,nl(s),nz(s)) fs'rq (nl’n2)




‘or all s € S, where

;(s,nl(s),nz(s)): = J [ r(s,al,az)dnl(s)(ai)dnz(s)(az)
A, A

2
:nd

g(s'ls,nl(s),nz(s)): = J J q(s'ls,al,az) dnl(s)(al) dnz(s)(az),

A2 A]

‘;(s,nl(s),nz(s)) is the expected reward at time O and if at time 1 the
itate is s' € S (chatiee E(s'ls,nl(s),nz(s)), then s' can be seen as a new
itarting state, so the discounted expected reward from time 1 on is

ICHER NORNOMN SN ISR

)EFINITION 3.2. Lety<S,A1,A2,r,q,B> be a stochastic game and € =2 0. A pair

f stationary strategies (n?,ng) e T xT,, such that

€ € _€ €
et fsrq(nl’HZ) = fsrq(nl’nz) = fsrq(“l’"z) Te

or all s € S and all (nl,nz) e xT, is called an e-saddle-point if

> 0, and a saddle-point if e = 0, If, for each ¢ > 0, there are e-saddle-
oints, then we say that the stochastic game is strictly determined. In
hat case, for each s € S, the two-person game in normal form'<ﬂ1,ﬂz,fsrq>
s strictly determined and the function qu : S > R, where qu(s) is the
‘alue of <ﬂ1,ﬂ2,fsrq>, is called the value of the stochastic game. By an
-optimal (optimal) strategy m. e M. for player i in the stochastic game
'e mean a strategy such that ni(S) is e-optimal (ootimal) in <n1’ﬁ2’fsrq>
or all s € S.

For the remainder of this section S, Al’ A2 and B are fixed. Let DV
e the family of pairs of functions (r,q) satisfying (3.3) and (3.4) such
hat for each bounded function Y : S » R and all s € S the (dwmny-) game

n normal form

”<P1, Py, ;(s,.,.) + B Z a(s' [ §5.5.) Y(s') > has a value.

s'eS
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THEOREM 3.3. Let (r,q) € DV and € > 0. Then'<S,A],A2,r,q,8> is strictly
determined. The value of the stochastic game is the unique solution of the

following functional equation in Y : S -» R :

Y(s) = val(;(s,.,.) + B Z E(s' l Sy.5.) Y(s')) for all s ¢ S.
s'eS
Furthermore, if for each s e€ S an e-optimal strategy ni(s) 8 given for

player i in the game in normal form

P PyT(s,0,0) + 8 ] A(s'ls,.,0) Vo (51>,
s'eS
then the map s & ni(s) 8 a (1—6)_le—optimal strategy for the stochastic

game.

PROOF: Let B(S) be the family of bounded realvalued functions on S. Let
T : B(S) - B(S) be the map defined by

(TY) (s) := val(r(s,.,.) +B ) q(s'ls,.,.) Y(s"))
s'eS

for all Y € B(S) and s € S.
Then, using theorem 2.1, we have

Ty —TYZH <B "YI_Y2" for each Y

1 Y, € B(S).

1’ 72

Hence T is a contraction with factor B ¢ [0,1), so that by the Banach-
Picard fixed point theorem T has a unique fixed point, say V. So V satis-
fies: V(s) = val(r(s,.,.) + BE;'eS a(s'ls,.,.) V(s") for all s € S. We now
show that V is the value of the game <S,A],A2,r,q,8>. For e > 0 let

nf(s) € P [2PpeT(ss.s0) + B Jorog a(s'ls, ., )V(s")>,

X ﬂz let Q“l“Z : B(S) =» B(S) be the map defined by

; be e-optimal in <P

For ("1’"2) € ﬂl

Q) , V() = ] a(s'ls,m,my) Y(s")
172 s'eS

for all Y € B(S) and s € S.
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Consider the strat - n?(s oted by n?. Then, for each n2 € ﬂz, we
have:
(3.7) (o ,m Qe V > v
: 1’72 n?nz s
where f(n?,nz) is nction '(s,n?(s),nz(s)) on S, €g is the func-
tion s » € on S an s the on on B(S), defined by Y1 ZS Y2 =
= Y](s) > YZ(S) f s €S . we repeatedly substitute for V in the
left hand side of the en eft hand side, then we see, that for
each t ¢ N the fo g ineq holds:
3! T € t .t Sl T T
(3.8) ) B T(nl,n Qe V+ ) B Q. (eg) 2V,
=0 172 =0 12
where Q¢ is the ity ma Q% : = qQfel (teW). Note that
ere n?nz y "?"2. "?ﬂz € . e
vt=1 1.1 =/ E . .
Lr=0 B Qn?nz r(nl, uals t al expected discounted reward until
time t, if the pla se the egies n? and m, . So letting t - '« in
(3.8) we get
— €
(3.9) frq(nl’ V- ( €g for each m, € U2
— € . . € .
where frq(n],nz) i functi , fsrq(nl,nz) on S. As € > 0 was arbi-
trary, (3.9) yield
s%p 1%f nl,nz) ) for all s € S.
1 2
Similarly, we can hat in .pTrl fsrq(n],nz) < V(s) and, as always,
. < i .
supTrl 1nfTr2 fsrq(n < 1nfn s fsrq(n],nz). Consequently, we arrive
at the desired res
(3.10) Sﬁp 1gf "1’"2) S#p fsrq(n],nz) = V(s) for all s 8.
1 2 !
So V is the value stoch game and then (3.9) yields, for £ > O,
the second asserti the th Now it is easy to show that this as-—
sertion also holds =03 s left to the reader. t




low we provide DV with the metric d defined by
d((r,q),(r'q")) := maxl{le-r'l, 0(q,q"},

1 .= 1 | T
D(Qaq ) ° SuPS',S,al,aZ lq(s l S,aliaz) q (S | S’al’az)I'

M 3.4. The map (r,q) » qu from DV into B(S) Zs a continuous map

pointwise Lipschitz continuous).

Let (r,q),(r',q"'") e DV. First note that, in view of theorem 2.1,

lqu(s)-Vr,q,(s)I = lval(fsrq)—val(fsr.q,3| < Hfsrq—fsr,q,ﬂ.

. . = 1 . =
_nl,nz) € ﬂl X ﬂz and put x(s): fsrq(nl,nz) and x'(s): f

ich s € S. Then it follows from (3.6) that for each s € S

ST

Ix(s)-x"(s)] < le=r'h + 8 Ix-x'l + B p (q,q9") Ixl,

Ilx-x'll < le-x'l + B8 Ix-x'l + B p (q,q") Ixl.
_that Izl < (1=8)"" Irl and put

-1 _
C: = (1-8)  (1+B(1-B) Dty

| -— [[ 1 1 .
Hfsrq:%r,q, <C, d((r,q),(r',q"')) for each s € S
1ing (3.11) and (3.13), we obtain:

"qu-Vr.q." < € d((r,q),(r",q")

1is implies that V is (pointwise Lipschitz) continuous in (r,q).




Let € > 0 and (r,q) € DV. Denote the set of e-optimal strategies for
olayer 1 of the game <P ,P),T(s,.,.) + B [, ¢ d(s'ls,., )V, (s> by
)i(s,r,q) and the set of optimal strategies by Oi(s,r,q), (i=1,2). Then
K Oi(s,r,q) can be seen as a subset of the set of (I—B)_1 g—optimal

seS

strategies of the stochastic game’<S,A1,A2,r,q,B> and Xse Oi(s,r,q) can

S
>e identified with the set of optimal strategies (cf. theorem 3.3). The
influence of perturbations of (r,q) on this subset XS€S

Oi(s,r,q) of the
set of (1—(3)—1 g-optimal strategies can be studied by looking at Oi(s,r,q)

for each s € S.

THEOREM 3.5. Let € > 0 and (r,q), (r',q') e DV, such that d((r,q),(r',q") <

< 8. Then for each s € S we have

e+2Cr6

€
Oi(S,r,Q) c Oi (Sar'9q')

0Lth C.as defined in (3.12).
PROOF: This theorem is a direct consequence of (3.13) and theorem 2.2. []

Let CDV be the subset of DV consisting of the elements (r,q), such

that for each s,s' € S the realvalued functions on A, x Azz(al,az) P

1

> r(s,a ,az) and (al,az)iﬁ q(s'ls,a ,az) are continuous. Now endow Pi with

1 1
the weak topology. Then P. is compact (cf. PARTHASARATHY [51,th.6.4, p.45),

and so ﬂi = Pi, provided with the product topology, is also compact.

THEOREM 3.6. Let (r,q) € CDV. Then

(1) for each s € S the function fsrq: m xMm, >R 18 continuous.
1

(2) Oi(s,r,q) + (0 for each s € Sand i e {1,2}.

(3) There is a one-to-one correspondence between the set of optimal
stationary strategies for player i in the stochastic game and the set
XS€S Oi(s,r,q), ie {1,2}.

PROOF: The statements in this theorem are special cases of more general

statements in VRIEZE [13] (especially lemma 2.1 and theorem 2.1). 0
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THEOREM 3.7. For each s € S and i e {1,2} we have
Oi(s,.,.): CDV - Pi

18 an upper semicontinuous multifunction and therefore also

XSeSOi(s" ,2): CDV » ni'.

PROOF: This statement is a direct consequence of theorem 2.3. []

REMARKS.

3.8.1. In this section we have studied stochastic games, for which in each
state s € S player i has available to him the same set Ai of pure actionms.
However this restriction is not serious with respect to models in which in
each state player i can only use a state-dependent subset of Ai’ as is
pointed out in PARTHASARATHY [6] (remark 3.2, p.30). So our results also
apply to that case.

3.8.2. So far we have restricted ourselves to the classes of stationary
strategies for both players. A reason to do so is given in the following
theorem. The proof of this theorem runs along the same lines as the proof
of the analogous statements for Markov-decision problems (BLACKWELL [2],
th. 6, p. 232) and will be omitted here.

THEOREM. If a stochastic game <S,A1,A2,r,q,8> 18 strictly determined within
the classes of all behavioural strategies, then it is strictly determined
vithin the classes of stationary strategies and the value in both cases s
the same. Furthermore, if a player has an optimal behavioural strategy,
then he has an optimal stationary strategy, which is optimal within the
classes of all behavioural strategies.

3.8.3. Now, let A1 and A2 be finite sets consisting of m and n elements,

respectively (m,nelN ). Once again let S be a countable set. Let B(S,m,n)

consist of the pairs (r,q) with r as in (3.3) and q as in (3.4). As SHAPLEY
(9] proved, for each pair (r,q) € B(S,m,n) the stochastic game

:S,AI,Az,r,q,B> has a value and both players have stationary optimal

strategies, Now for each s ¢ S the dummy game <P1,P2,;(s,.,.) +




STes a(s'ls,.,.) qu(s')> with value qu(s) can be seen as a
sion of an m x n—-matrix game. Let U(S,m,n) be the subset of
€ B(S,m,n) for which the game <S,AI,A2,r,q,B> has a unique p
11 strategies. Now, if (r,q) € B(S,m,n), then we can see fro
that, for each € > 0, there exists a pair (ru,q) e B(S,m,n)

| < ¢ and such that for each s € S the game in normal form

<PBy,T (5,050 4B ] q(s'ls,.,n) Vo (s7)>
s €S
3ses a unique pair of optimal strategies and, furthermore, w
se that the game has value qu(s). But this means (cf. tbeor
:he stochastic game <S,A],A2,ru,q,8> has value qu and posse
> pair of optimal strategies. So (ru,q) e U(S,m,n). The foll

am 1s now immediate.
iM. The set U(S,m,n) <Zs an open and dense subset of B(S,m,n)

. A criterion other than the discounted reward criterion, wh
>ften considered, is the average reward per unit of time cri
that, in deducing the theorems of this section, the main arg
35, that small perturbations of the game parameters (r,q) cau
sair of stationary strategies small deviations of the expect
2ad reward. In general this is not the case, when we look at

sward per unit of time, because small perturbations for q ma
a change in the chainstructures, belonging to the divers pa
:gies. When we only admit perturbations of r, then small dev
small deviations in the average reward per unit of time for
>f stationary strategies. In SCHWEITZER [8] one can find, th
rbations of q, which cause no change in the chain structure

>f strategies, yield small deviations of the average reward

ne (a sufficient condition). So by choosing an appropriate £
(r,q) (it is not yet known if every game with finite S,A] a
value with respect to the average reward criterion) adaptio
ams 3.4, 3.5 and 3.7 hold true for stochastic games under th

award per unit of time criterion.

er—
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[n the next section we direct our attention to non-stationary stochastic
zames and shall see, that analogous theorems to those in this section can

>e stated.
4. NON-STATIONARY STOCHASTIC GAMES

So far we only have considered perturbations of the game parameters
r and q and, furthermore, we have assumed them time-independent. In this
section we look at stochastic games in which r, q and B are each time-de-
pendent and we shall study the influence of perturbations of them. In the
following the set {0,1,2,...} of non-negative integers is denoted by Eb.
A non-stationary two-person zero—sum stochastic game is characterized

by a quadruplet <S,A ,A ,<rt,qt,8t>>, where S,A, and A, are as in (3.1)

1°7 1 2
and (3.2) and <rt,qt,8t> denotes the infinite sequence of triples

(rO’qO’BO) > (rl ’q] ’BI) 5 (rZ’qZ’BZ) PRI

with the property that roeq, and Bt statisfy (3.3), (3.4) and (3.5), res-
pectively, for each t € N,. Now rosd, and Bt’ respectively, are called
reward function, transition probability function and discount factor at

time t € NO.

DEFINITION 4.1. Let <S,A1,A2, <rt,qt,6t>> be a non-stationary two-person

zero-sum stochastic game. Let P, be the set of probability measures on
i

<A.,A.>, Then each map nM:'N
1’1 1 0

nemoryless strategy) for player i. The set of Markov-strategies of player

xS - P, is called a Markov-strategy (or

i is denoted by ﬂ?.

Fix B e [0,1) and M € [0,%®). Let

F. :=1{(r,q,8) | (r,q) e DV, B e [0,81, lcl < M}.

M

N .
Let <S,A1,A2,<rt,qt,8t>> be a game such that <rt,qt,Bt> € (FgM) 0 i.e.
(rt,qt,Bt) € FgMMfor each t € E%V Let us suppose that the players 1 and 2

. M .
decide to play hl € ﬂ? and m, € ﬂ?, respectively. Then, for each initial
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state s € S, the expected reward of player 1 at time t ¢ Ib exists and is

denoted by £t (u?,ﬂg). The total expected discounted reward

S<r 4.7
oo t-1 t M M, . M M
Leo Moo Br focr q > (mw,,m,) is denoted by f___ ,q .8 > (w ,m,)), where
1 tt t"tTt
HT=O B,t := 1. We note that

§ t-] ~ _1
£ I < m g_lr ll < (1-8) M.
ST 54 58> t=0 t=0 ° °©

'he notions of value and (e-) optimal strategies are defined in a similar
7ay as in section 3, but now the roles of ”1 and ”2 in section 3 are taken

wwer by ﬂ? and ﬂg. In the following, for a sequence <rt,qt,8t> and a T eZNO

:he sequence

(rT’qT’BT)’ (rT+19qT+l9BT+1)""

is denoted by <r;T,q;T,B;T>. Further, for a game <S,A1,A2,<r ,qt,8t>> with

t
ralue, this value is denoted by s +~ V(s,<rt,qt,6t>) or by V(.,<rt,qt,8t>).

[HEOREM 4.2. Let <S,A1,A2,<rt,qt,8t>> be a non—sta%%onary stochastic two-

0

»erson zero-sum game, such that <rt,qt,8t>Me (Fs. ) . Then the game s

gM
strictly determined. Let € 2 0 and let ni€ be a Markov strategy for

M
>layer <, such that (for each 1 € N, and s € S) Hie(T,S) 18 an e-optimal

0
strategy in the following game in normal form:

= ~ c_ -1 -t-1 =11
<P1’P2’rT(Ss"-)+'BT Z qT(S'Is,..)V(s',<rt ,qt
s'eS
Me ~ =1
Then T i8 a (1-B) e-optimal strategy in the stochastic game.

ROOF. Let B be the family of bounded realvalued functions on S X (FEM)]NO .

Then B is a complete metric space, if we provide B with the metric derived

from the sup—norm. Let %: B - B be the map such that
(TE) (s,<r,,q,,8,>) := val(T (s,.,.) +

~ 1 1 —1 —1 _1
+ BO Sges qo(s l S9'9-)f(5 ’<rt ’qt ’Bt >))
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v N
for each f ¢ B and each s € S and <rt,qt,Bt> € (FEM) 0. Then

“Tfl—ffzﬂ < E"fl-fzﬂ for each fl’f € B. So T: B> B is a contraction map

2
with factor B < 1. This implies that T has a unique fixed point. The proof
of the theorem can now be concluded in a similar way as the proof of

theorem 3.3, whereby the role of the stationary strategies there is taken

over by the Markov strategies. [

As an inequality similar to (3.13) can be compounded, an easy exten-—

sion of the theorems 2.1 and 3.4 leads to

N .
THEOREM 4.3. The map <r_,q,,8.> r V(.,<r ,q.,6.>) from (Fy) 0 ¢nto B(S),
where B(S) is the metric space of bounded realvalued functions on S, is a

continuous map.

Also the theorems 3.5 and 3.7 can be extended to the case of non-sta-
tionary stochastic games. We only indicate the extension of theorem 3.7.
Let CFEM := {(r,q,B) € CDV x [Oif] | Iel < M}. Let <S,A1,A2,<rt,qt,8t>> be
a game with <rt,qt,8t> € (CF§M) O | Then for the game in normal form

~ ~ -1 -1 -1

<P ,P,ysTo(s5050) + 8 Z Gp(s'ls,.)V(s's<r ",q, B, >)>
s'eS

the set Oi(s,<rt,qt,8t>) of optimal strategies for player i is a non-empty

set. Furthermore, it can be shown that there is a one-to-one correspondence

between the set X Oi(s,<r;T,q;T,B;T>) and the set of optimal

X
1elN, “seS
Markov strategies for player i (cf. theorem 3.6).

THEOREM &4.4. For each s € S the multivalued map Oi(s,<.,.,.>):(CF§MfN0 —>Pi

18 an upper semicontinuous multifunction.

In the next section, where we return to games in normal form, we shall

concern ourselves with non-zero—sum games.
5. NON-COOPERATIVE GAMES IN NORMAL FORM

So far we only have looked at zero-sum games. In this section we study

perturbations of general sum two-person games in normal form. We emphasize
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:hat all results in this section can easily be extended to N
‘n normal form with N = 2; only for notational reasons we re

ittention to two-person games.

JEFINITION. 5.1. A (general sum) two-person game in normal f

:d quadruplet <ﬂ1,ﬂé,p],p2>, in which Ul and ﬂz are non-empt

M x M. > R are real-valued functions

. T m :
sy Ty > R pyt By T
»oint (ﬂl,ﬁz) € ﬂl x ﬂ2 is called an equilibrium point of th

:n] ’HZ’PI !P2> if

* * * * *
p,(w ,m) = max p (W ,m), p,(m, ,m,) = max p
1V1°72 1'71°72 247172 2
et myetly

ind is called an e—equilibrium point (e>0) if

* * *
sup p,(ﬂl,ﬂz) - €, pz(ﬂl,ﬂz) > sup
n]eﬂl ﬂzeﬂz

'he set of equilibrium points of <II ﬂz,pl,p2> is denoted by

1’
‘he set of e-equilibrium points by Ee(pl,pz).

For fixed ﬂl,ﬂz,

younded realvalued functions on ﬂl X Tys provided with the m

let B(ﬂl,ﬂz) be the metric space of pa
Yy
- d((py>P,)5(py»py)) := max{lp —pil,lp,-p)l}

‘or all (pl,pz) € B(ﬂl,nz) and (p;,pé) € B(ﬂl,ﬂz). Let BE(W1
subset of B(ﬂl,mz), consisting of those pairs (pl,pz) for wh
3€(p1,p2) # 0 for all ¢ > 0.

The following two theorems are extensions of theorems 3

rLJs [101, pp.99-100.

[HEOREM 5.2. Let € = 0, § > 0, (p;»P,) € B(T,M,), (pysp)) €
1((py»p,)s (P]>Py)) < 8. Then ES(p,,p,) < E€*25(p1,p)).

* * IS
) € E (pl,pz). Then for each M ¢ TT

T m
>ROOF. Let (T ,T, | |

der-

of

ined




B * * * * T * *
pl(n],nz) < p](nl,nz) + § < pl(nl,nz) + e+ 8 < pl(nl,nz)-be
nalogously, for each “2 € HZ:

1 * v * *
pz(nl’nz) < pz(nl’nz) + € + 26'

* % e+28
(“1’“2) € E P{’PZ) D
M 5.3. BE(ﬂ], 2) 18 a closed subset of B(ﬂ ﬂz).

Suppose that (51,52) is an element of the closure of BE(ﬂ],ﬂ ),
> 0. Then we can take (p],pz) € BE(W 1 ) such that d((p ,pz) (P1
Take (nl, "y
) € E® (pl,pz) # @. Hence (pl,pz) € BE(WI,HZ) and we may conclude
E(T, ,T,.) is closed. [

) € E2 (p],pz) # @. Then, in view of theorem 5 2,

1°°2

jow let TH and.ﬂz be topological spaces. Put CBE(H]’”Z) = {(pl,pz)

Il’ 2)| P, and p, are continuous functions}.

M 5.4. Let ﬂl and WZ be compact metric spaces. Then

}(py»p,) # @ for each (p;,p,) ¢ CBE(T ,M,).
:pl,pz) H—E(pl,pz) is an upper semicontinuous multifunction from

IBE(UI,U ) into ﬂl X ﬂz.

:pl,pz) P Ee(pl,pz) is upper semicontinuous for each e > 0.

(a) We note that (1) follows from

E(plﬂpz) = n Ee(pl’pz)
e>0

Ee(pl,pz) is, for each € > 0, a non-empty closed subset of the co

set ﬂ] X ﬁz.

3t € =2 0. Let (p],pz), (pl,pz), (p],pz),... be a sequence in

o 2) converging to (pl,pz). Let (ﬁl,ﬁz) € E (pl,pz) for each n €
n . n
m o= m
ippose that 11m.n 1 1, 11mn 2 9

;) € Ee(pl,pz), then we have proved (2) and (3). Put 6n :=

= N_. If we can show that

)?,pg), (pl,pz)) for each n ¢ N . Then, by theorem 5.2,
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() e e HOnp
EA(pl,pz) c Eu(p],pz) if 0 £ X £ y), we may conc%ude that for each fixed

'k ¢ N and n sufficiently large: (n?,ng) ¢ EETK (pl,pz). But then (n?,n;) €

,pz) for each n ¢ N . Because limn+w én = 0 (and

-1 . +k~1 . .
e EEFK (pl,pz), since E€YK (pl,pz) is closed and (Tf,ng)f~11mn+m (n?,ng).
So
* % I g:+k_1
(m,>T,) € E (pyspy) = N E (Py>P,) - a
kelN
REMARKS

5.5.1. Theorem 5.4 can be extended to the class of games, which is studied
in VRIEZE [12], namely the class of mixed extensions of the games

<{Ai[i € I},{pili e I}>, where I is a countable set of players, where the

action space Ai of player i is a compact topological space, satisfying the
first axiom of countability and where the payoff function Py XieI Ai -+ R
for player i is a continuous function with respect to the product topology.

5.5.2. In a similar way to that in which we have extended results obtain-

ed for the zero-sum game in normal form to the zero-sum discounted stochas-
tic game in section 3, we could extend some of the results of this section

(e.g. theorem 5.4) to the general sum discounted stochastic game.
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